Rapidly convergent series are given for computing Epstein zeta functions at integer arguments. From these one may rapidly and accurately compute Dirichlet L functions and Dedekind zeta functions for quadratic and cubic fields of any negative discriminant. Tables of such functions computed in this way are described and numerous applications are given, including the evaluation of very slowly convergent products such as those that give constants of Landau and of Hardy-Littlewood.
1. Introduction. Many constants, such as those of Hardy-Littlewood [1] , [2] and Landau [3] , are given by very slowly convergent infinite products that can be transformed into rapidly convergent products containing the Dirichlet functions L{n, x) or La{n) for integer arguments n. Three-quarters of the latter can be obtained in closed form [4] , but the computations become lengthy if a or n is large.
The remaining, nonclosed-form L{n, x), such as f(3) or Catalan's constant L{2), can be computed by polylogarithms [5] , polygamma functions, or other means [6] based upon the periodicity of the coefficients. But the period increases with the discriminant and, again, lengthy computations may be needed if accurate values are wanted. As a result, even constants of special interest such as «163 for the number of primes of the form «2 + « + 41, or bl4 for the number of numbers of the form u2 + 14u2, cf. [3, Eq. (5) and Section 4], have not been computed accurately prior to the present work. Values of such special constants are included below.
If the algebraic field involved is nonabelian, such as 0) K = Ô(2!/3) or Q{31'3), the L{n, x) do not suffice, and one needs instead the Dedekind zeta functions $An) at integer arguments. It was the Bateman constants for (1) [7, especially Section 6] that led to the present investigation. Only now (eight years later) is this being published.
For all cubic or quadratic fields K of negative discriminant -D, the wanted All such double series can be transformed into rapidly convergent series, and since the number of functions (2) required is the class number h{-D) = 0{DVl + e) all such
Lin, x) and ÇK{n) may now be rapidly computed to high accuracy for any moderate D.
In Section 2, we transform (2) into a rapidly convergent series. In Section 3 and Section 4, we give various applications to Lain), b14, «163, etc. In Section 5, we discuss briefly the closed-form La{ri). In Section 6, we obtain more rapid convergence by replacing D with AD or 9D. In Section 7, we return to the Bateman constants (as we promised [7, Section 6] ) and include the wanted limits 2 5(4, B, C, s) for s = 1+. And in Section 8 we generalize to other cubic fields such as the four unramified cubic extensions of Q{y/~ 4027).
2. Epstein Zeta Functions. Many authors have given different (or slightly different) expansions of (2), depending on whether the application desired was
Kronecker's limit formula, the value at s = lâ, the nonexistence of Siegel zeros, or the violation of the RH by certain functions (2) . See, among others, [8] to [11] .
Our primary interest here is in the value of (2) for s -1 a natural number. We will obtain MA, cos coN simplifies to 0 or ±1.) We partially follow Weber [12] , but our derivation is perhaps shorter and clearer, and since s -I is an integer the integral in (20) below is elementary and no Bessel functions are needed.
We sum separately the terms with n = 0 in (2) and obtain Therefore, each term in (9) becomes a double integral:
A°T2{s) J° Jo
If the r of (5) is small, the dominant part of (13) occurs over the diagonal strip -1 < u -v < + 1, and we may greatly accelerate the convergence of (8) by a change of integration variables. In the first octant (w > v), we set u -v = x, v = y, and since the Jacobian equals 1, this part of the integral in (13) becomes
I{m, «) = J°° e2nimx dxf°° e-anye*1"nxwi(pc +y)^xy*~l dy.
In the second octant (u > u), we set v -u = x, u-y, and that part of the integral is II{m, n) = f°° e-2lTimx dxf°° e-«nyeA.i.inxu2(x + yy-lys-l ¿y and combining I{m, n) with //(-m, n) gives (2tt)2í + °° ( 14) where (15) gin) = ^^-Z fn e2"imxf{x,n)dx,
/(x, «) = 2rnx cos wnx f°° .»-""V^ix + yfl dy.
Or, if z = a/ry, then (16) . 2r"x cos co«x r°° . j _z /(x, «)=-z^'ianx +z)^'e z dz. 
r2{s)
For s -I a natural number we expand the integrand by the binomial theorem and thereby obtain (7) for Z{N) and so (4). The formulas (4), (23), (24) and (26) now enable us to accurately compute Lain) fairly easily for all moderate a and «. In [5] , I wanted L10{n), and obtained them to (nearly) 10 decimals, thanks to an existing 10D table of polylogarithms.
I gave ¿10 (2) 
As I indicated, this investigation grew out of my work with Mohan Lai on
Bateman's constants [7] . Lai then used this method to compute the following elegant table [13] :
Lain) to 25D, a = 1(1)100, n = 1(1)20.
4. Landau and Hardy-Littlewood. There are 39 Abelian groups of order < 25.
The smallest a for which Q{y/~a) has a prescribed Abelian group as its class group is listed in Table 1 .
For the study of the effect of the class group in various phenomena, it is useful to have La{n) for such a. Lai's table therefore continues with these a and « = 1(1)20 as before.
The number of numbers <=N of the forms u2 + lAv2 and u2 + 2 lu2 behave very differently because of their differing groups of order 4, cf. [14] , [3] . In Table 1 of [3] I was unable to give the related Landau constant bl4 accurately.
But with the La{n) for a -11, 13, 14 I can now easily complete that table:
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C (25) C (5) Similarly, I determined that L{M, X991027) > 0 by Low's method [11] except that I generated the forms by composition. That is much faster. y/Ï0l
We return to this presently.
One can reduce the computations for these ^(s) by a factor of about 3. By similar argumentation to that which gave (36) and (37), one obtains, for example, the following identities for D = 108, and 243:
(43) 5(1, 0, 27, s) + 25(4, 2, 7, s) = L3(s% (s) (9* ~ 3* + 3) (4" + 2) _ 18*(2* + 1)
(81* -27* + 3-9* -3'3* + 912s (44) 5(1, 1, 61, s) +25(7, 3, 9, s) = L3{s)Ç{s) -------^-■ 81*(2* + 1) Thus, the use of known tables of L3{s) and f(s), cf. [6] , allows one to eliminate the more slowly convergent [4, 2, 7] for a = 2 in Table 2 . Similarly, one eliminates the [7, 3, 9] for a = 3 which converges at 1/7 the speed of [1, 1, 61] The Bateman constants, which are the Hardy-Littlewood constants for the polynomials n3 + a, were discussed at length in [7] . They are given by the products according as 2 is a cubic residue of p or not. This is true since p splits completely or is inert, respectively, in these cases, while the remaining primes 2 and 3 are the cubes of ideals. The product of (45) and (46) for (2/p)3 = 1 =,= {2/P)3. These products now converge absolutely and less slowly. In effect, we have improved the convergence of (45) where -D, H{a) and e{a) are the discriminant, class number, and fundamental unit of K. For large a, the determination of //(a) and e{a) could themselves require lengthy computations. That is unnecessary here since we need neither number. We need only the specific combination in (49) and we can evaluate the left side of (49) directly and rapidly by our Epstein zata function series, as we explained above.
But (48) and its analogues for a > 2 still converge slowly. We may speed up its convergence repeatedly [7, Section 6] by similarly dividing out appropriate powers of Ç{n)/ÇK{n) for n = 2, 3, 4, •••. Let us be brief by making repeated reference to [7] . We first extend the last product in (48) over all p = 1 (mod 6), not merely those having (2/p)3 = 1, and compensate in the second product in (48) as in [7, (23) - (24)]. Thus [7,(10) ]
where LQ = 0.920038563618492 and {2/P)3 * 1 as before. Now [7, (69 
taken over the same P, and we may utilize these fis) for s = 2, 3, ••• to accelerate the convergence of (50).
For \x\ < 1/3 one has the identity The product on the right of (53) converges monotonically increasing and, as in [7] , there is a complementary formula based upon the {2/p)3 = 1 primes that is monotonically decreasing. It converges even faster-since p. = 31 >Pl = 7 and since there are twice as many P as p-but we omit it for brevity. The generalization for other Q{a1'3) is obvious and is also omitted.
8. Other Cubic Fields; Unramified Cubic Extensions. Although Dedekind confined himself to pure cubic fields Q{a1'3) in [19] , other cubic fields with negative discriminants may be computed very similarly. For example, consider the Q{y/-a)
in Table 1 having the class numbers
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Since their class groups contain CT3) as a subgroup, cubic fields Q{x) having the same discriminants are obtained by adjoining a root of x3-x + l=0, x3-x + 2=0, x3 +x2 +4x + 1 =0, respectively, to the rationals. The formulas corresponding to those in Table 2 are now listed in the first three rows of Table 3 . As before, the forms {A¡, B¡, C¡) in (38) that have c¡ = 1 are the cubes in these cyclic class groups; otherwise, c¡ = -Vi. For D = 23 and 104, the ambiguous forms are obviously those with c¡ = 1. For D = 199, it is apparent that F = (2, 1, 25), which represents 2, generates the group and its square and cube are (4,-3, 13) and (7, -5, 8) , respectively. Thus, [7, + 5, 8] have c¡= 1. Alternatively (and perhaps easier for those who cannot do composition), for D = 199 one finds that /(x) = x3 +x2 +4x + l=(x-l)(x-2)(x-3) (mod 7), while f{x) is irreducible mod 2, 13, and 5. Since (7, ± 5, 8) represents the splitting prime 7, while (2, ± 1, 25), (4, ± 3, 13) and (5, ± 1, 10) represent the inert primes 2, 13, 5, their c¡ may be assigned correspondingly.
Since Qiyf-4027) has C(3) x C(3) as its class group, D = 4027 has the four distinct cubic fields listed in Table 3 Since 13, 17, 19, and 29 split as shown and are inert in the other three fields, these four fields Q{x¡) are listed in the same order in Table 3 . In Q{xx), x¡ = 0.08573074519 is a fundamental unit (it is obviously a unit since it divides 1), and (49) becomes ¡WfO) = 0.2432279947a.
On the other hand, (38), (40) and (4) Similarly, x4 = 0.09990029880 is a fundamental unit in ß(x4), and f^/ftl) = 1.368497769 is obtained from (55) with 13 and 29 interchanged. So its n = 6 also, while ß(x2) and ß(x3) have larger regulators and n = 3. These four n illustrate Callahan's conjecture [20] More elaborate examples are Q{y/~ 63199139) with r = 3 and 13 cubic fields, and Qiyf-87386945207) with r = 4 and 40 cubic fields [21] . While the calculations of (55) are easily carried out on a hand computer, such as an HP-45, we clearly would prefer a larger computer for these larger discriminants. (Added later) Callahan proved [20] that the cubic fields have 3-ranks of r -1 or r -2. I now learn that Georges Gras has just proven that r -\ is always correct.
